Abstract. We study in this paper a finite volume approximation of linear convection diffusion equations defined on a sphere using the spherical Voronoi meshes, in particular, the spherical centroidal Voronoi meshes. The high quality of spherical centroidal Voronoi meshes is illustrated through both theoretical analysis and computational experiments. In particular, we show that the £ ¥ ¤ error of the approximate solution is of quadratic order when the underlying Voronoi mesh is given by a spherical centroidal Voronoi mesh. We also demonstrates numerically the high accuracy and the superconvergence of the approximate solutions.
Introduction.
The numerical solution of partial differential equations defined on spheres is a very active research subject in the scientific community. The subject is related to a number of important applications such as weather forecast and climate modeling. For example, the numerical solution of linear convection-diffusion equations and nonlinear shallow water equations in the spherical geometry can be used to test numerical algorithms for more complex atmospheric circulation models. Though these models were often solved with spectral methods or traditional finite difference methods in spherical coordinates, methods that use quasi-uniform tessellations of the sphere are gradually gaining popularity as the grid-based methods offer great potential when combined with massive parallelism and local adaptivity.
To get efficient and accurate numerical solutions of PDEs, it is well known that grid quality plays an important role and high quality grid generation is often a significant part of the overall solution process. Recently, many studies have been made on the development of finite element and finite volume approximations to PDEs defined on spheres using various spherical grids, such as grids based on Bucky balls [15] , icosahedral grids [3, 30] , skipped grid [21] , grids obtained from a gnomonic (cubed sphere) mapping [20] , etc. In standard Euclidean geometry, the so-called Voronoi-Delaunay grids have always been very popular grids used in both finite element and finite volume methods. Grids generated from the spherical Voronoi tessellations and their variations have also been studied, see for example [14, 31] .
In [7] and [8] , we proposed a high quality spherical grid based on the Spherical Centroidal Voronoi Tessellation (SCVT) which can be used for both data assimilation purposes and for the numerical solution of PDEs on spheres. A finite volume approximation to a second order linear elliptic equation using the spherical Voronoi meshes was studied in [8] , and a first order error estimate for the discrete solutions errors for a model Poisson equation on the sphere, it was concluded that the SCVT based grid tends to produces the smallest errors among all the grids under consideration and such a grid would naturally remains as a safe choice in practice.
The SCVT can also be defined with a nonuniform density function and thus makes it suitable for adaptive computation. In light of the optimization properties they enjoy [7] , grids generated by the SCVM, in some sense, may be viewed as optimal grids: they offer both excellent local grid regularity and global mesh conformity as well as flexible mesh adaptivity. In this paper, we make further attempts to substantiate the optimality of SCVM both theoretically and computationally. Our main results include a carefully designed finite volume scheme for a general second order convection-diffusion equation defined on a sphere. When implemented with the SCVM, we present for such a discrete scheme a rigorous quadratic order ¢ ¡ error estimate whose proof relies critically on the geometric properties of the SCVT. We further demonstrate through experiments the superconvergent properties of the numerical solutions and their gradients solved using our modified finite volume scheme and the SCVT based grid. All these findings provide compelling reasons for regarding the SCVT's with the uniform density as arguably the best alternative for near uniform partitions of the sphere and the SCVT based grids the optimal triangular grids to use for the numerical solution of many partial differential equations defined on spheres.
We point out that the conclusions given in this paper can be readily adapted to problems defined on the two dimensional Euclidean plane. The analysis for the spherical case is somewhat more involved than the planar case since we must deal with the differences between spherical triangles and planar triangles.
The paper is organized as follows: we first introduce some notation and assumptions used in the paper, then in section 2, we briefly recall the basic theory of the spherical centroidal Voronoi meshes. The finite volume scheme for linear convection-diffusion equations on the sphere given in [8] is discussed in section 3. With a suitable modification to the finite volume scheme, a rigorous £ ¡ error estimate is given in section 4 for spherical centroidal Voronoi meshes. In section 5, a superconvergent gradient recovery scheme is provided and in section 6, we present some numerical experiments. Some concluding remarks are given in section 7.
We now introduce some basic notation used in the paper. Let 
is the unit outer normal vector to ¤ ¡ at . We consider the second order elliptic equation on the sphere given by
Note that, since
¤ ¡
has no boundary, there is no boundary condition imposed. We use the standard notation for Sobolev spaces on ¤ ¡
(viewed as a compact, twodimensional Riemannian manifold) [13] :
using the fact that it is the projection of onto ¤ ¡ along the normal direction at ¢ ¡ . Both deterministic and probabilistic algorithms have been provided in [7, 8] to construct a SCVT. The deterministic version requires an explicit geometric construction of general spherical Voronoi tessellations which was done by the algorithms given in [28] . One may also extend the work in [18] to parallelize some versions of the probabilistic algorithms. Fig.2 .1 shows some examples of SCVT's associated with a constant density. More examples, including SCVT's with nonuniform densities, can be found in [8] . 
Based on the Green's formula, a finite volume method for seeking the approximate solution
¡ of (1.1) was proposed in [8] . It used an up-wind approximate convection flux Then, the finite volume scheme given by [8] is defined by the following system: Then, a stability condition such as
Norms for general function spaces can also be defined. We define the mesh quality norm 
¤
has been used in [7] in the context of polynomial interpolation on the sphere.
Given a Voronoi mesh
, we define the mesh regularity norm¨bÿ
can be used as a measure of the uniformity of a mesh; the larger the value of¨, the more uniform is the mesh. In addition, the value of¨provides us a measure of the mesh regularity, i.e., the local uniformity of a mesh. Again, if a mesh is locally uniform in the sense that the cells in a neighborhood of any cell are nearly congruent to that cell, then the value ofẅ ill again be large. We will refer to # as regular if¨is not too small. To get a reasonable theoretical estimate, we will need to require a regularity condition on the mesh. The following result has been proved in [8] . 
where
. Note that Theorem 1 holds for general regular spherical Voronoi meshes. For more existing studies on the finite volume methods, especially when applied to solve second order elliptic on the two dimensional plane, we refer to [2, 4, 5, 9, 11, 12, 16, 23, 22, 24, 26, 32, 33] .
4.
¡ error estimate on spherical centroidal Voronoi meshes. An improved error estimate in the £ ¡ norm is generally expected for finite element and finite volume approximations of second order elliptic equations. However, in this section, it is shown that the quadratic order error estimate for the scheme under consideration here can only be proved when the grid satisfies certain geometric constraints. In fact, a part of the estimate depends critically on the property that if
corresponding to a density function , then, . We can also view as a one-to-one smooth function that maps § © 
From Proposition 1, we naturally have COROLLARY 1. There exist a constant
We call 
From Proposition 1 and (4.5), we obtain, COROLLARY 2. There exist a constant 
Proof. The proof requires only standard techniques. Define The other estimates can be proved in similar manners. We omit the details. Next, we provide some equivalence between various norms. For convenience, we make the assumption that that all three angles of . From (4.14) and (4.21), we get that there exist some constants 
where Formulations like the above for the finite volume methods have been used, for instance, in [23] . The original scheme (3.6) may be viewed as an approximation of (4. 
On the other hand, by Green's formula, we havè . Also, we havè 
So we have # w About "
, we have 
7.
Conclusion. High quality spherical grids have many applications. Many strategies have already been studied in atmospherical and geophysical simulations [29] for producing good spherical grids such as those based on the concept of discrete geodesic grids and those based on spherical Voronoi-Delaunay tessellations. For global data analysis purposes, ideas such as the EASE-grid [19] or grids based on Platonic solids have also been explored. Though many of these choices lead to good quality grids, it can be argued that the recently proposed concept of SCVT [7, 8] in general gives grids which are superior to most of existing ones. By providing both theoretical and computational evidences, our study here on a finite volume approximation of linear convection diffusion equations defined on a sphere based on the spherical centroidal Voronoi meshes demonstrated further the optimality of the SCVT grids.
In the future, we will make further studies on the properties on the SCVT grids such as the local energy equipartition and hierarchical SCVT grids for multiresolution analysis. The validity of superconvergent gradient recovery estimate 5.5 will be explored through analytical means. We will also study the application of the SCVT grids to more complex physical problems. 
